The second moment of the isospin-2 structure function of the pion,
The question of quark-quark correlations inside hadrons is of central importance for our understanding of the structure of hadrons within QCD. An objective measure of these correlations are the matrix elements of certain four-fermionic operators,ψ . . . ψψ . . . ψ, normalized at a given scale, between hadronic states. Such matrix elements appear e.g. in twist-4 contributions to the structure functions of deep-inelastic scattering [1, 2] , or in the effective Hamiltonian describing QCD corrections to weak interactions [3] . "Diquark" correlations in hadrons have been discussed also within phenomenological models, both in the context of hard exclusive reactions [4] and low-energy phenomenology.
The theoretical study of matrix elements of four-fermionic operators using standard non-perturbative methods such as lattice simulations is generally very difficult. The reason is that, being of twist ≥ 4, these operators mix with lower-dimensional operators under renormalization, so that accurate calculations of the coefficient functions would be required to be able to identify the contributions from the four-quark operators [5] . An exception are operators for which mixing is prohibited by their quantum numbers. One such example is the isospin-2 (I = 2) four-quark operator, contributing to the second moment of the isospin-2 structure function of the pion [6] . A lattice calculation of its matrix element recently came up with a surprisingly small value [6] .
In this letter we study the matrix element of the I = 2 four-quark operator between pion states within an instanton-based description of the QCD vacuum. Instanton-type vacuum fluctuations are known to be responsible for the dynamical breaking of chiral symmetry in QCD [7] . The so-called "instanton vacuum", in which one takes into account non-perturbative effects generated by a "medium" of instantons and antiinstantons, explains practically all features of Euclidean correlation functions at low virtualities [8] . The parameters of the instanton "medium" have been derived within a variational approach to the QCD ground state [9] , and have also been extensively studied in lattice simulations; see Ref. [8] for a review. A crucial element in this approach is that the average size of the instantons in the medium,ρ = (600 MeV) −1 , is small compared to their average distance, R:ρ/R ≈ 1/3. The ratio,ρ/R, provides a small parameter which allows a systematic classification of non-perturbative effects generated by the instanton medium.
In particular, the twist-3 and 4 matrix elements determining power corrections to the nucleon polarized and unpolarized structure functions have been classified and computed in this approach [10, 11] . In Ref. [11] it was found that the matrix element of the twist-4 quark-gluon operator appearing in the power corrections to F 2 and F L is parametrically large (i.e., it is not suppressed in the packing fraction,ρ/R) and has a large numerical value of orderρ −2 = (600 MeV) 2 . The matrix element of the corresponding twist-4 four-quark operator, on the other hand, was found to be parametrically suppressed, of order (ρ/R) 4 , and numerically two orders of magnitude smaller than that of the quark-gluon operator. While it was shown that this striking difference between the twist-4 matrix elements is consistent with the pattern of phenomenological 1/Q 2 -corrections obtained from QCD fits to data for F L and F 2 , it is not possible to unambiguously extract the higher-twist matrix elements from the data and to make the comparison more quantitative. Here we extend the instanton vacuum approach to the matrix elements of the I = 2 four-quark operator in the pion, for which lattice estimates are available. This allows us for the first time to perform a fully quantitative check of the instanton vacuum prediction of twist-4 matrix elements.
I = 2 structure function of the pion. It is well-known that, within the operator product expansion, the second moment of the unpolarized structure function, F 2 , receives a twist-4 contribution from four-quark operators of the form [1, 2] f,f ′ =u,d
where ψ f is the quark field of flavor f , and e f the quark charge. In the nucleon structure functions this twist-4 contribution always appears as a power correction on top of the twist-2 contribution which dominates at large Q 2 . However, for an isospin-1 target, such as the pion, it is possible to form a combination of structure functions such that only the isospin-2 (I = 2) components of the matrix elements contribute, thus eliminating the twist-2 operators which can have matrix elements at most with I = 1. In this case the twist-4 contribution due to four-quark operators appears as the leading contribution in the limit of large Q 2 . Consider the twist-4 operator
where the braces denote symmetrization in the Lorentz indices:
Here τ a are the Pauli matrices, and we restrict ourselves to two light quark flavors (u, d). This operator is a tensor in isospin space. The I = 2 component of its matrix element in the pion is defined as
where
is the invariant tensor symmetric and traceless with respect to the indices (a, b) and (c, d).
The I = 0 component of the matrix element is proportional to δ ab δ cd and not written explicitly in Eq.(3). The isovector pion states here are related to the charge eigenstates in the usual way:
Using isospin invariance, one can show that the contribution of the matrix element Eq.(3) to the I = 2 pion structure function is given by
where g is the QCD coupling constant at the relevant scale. Effective chiral theory from the instanton vacuum. We would like to estimate the matrix element of the I = 2 four-quark operator, Eq.(3), within the instanton-based description of the QCD vacuum of Refs. [7, 9] . This can be done with the help of the effective chiral theory derived from the instanton vacuum in the large-N c limit, which summarizes in a concise way the consequences of the spontaneous breaking of chiral symmetry. It can be stated in the form of a Lagrangian describing the interaction of quark fields, which have acquired a dynamical mass, with a pion (Goldstone boson) field:
Although we have written the Lagrangian here in Minkowskian form, it is understood that all loop integrals are to be taken over Euclidean quark momenta. The dynamical quark mass, M, is actually momentum-dependent and drops to zero for Euclidean momenta of the orderρ −1 = 600 MeV; its analytic form can be found in Ref. [7] . It thus acts as a form factor which suppresses the contributions from large momenta in quark loop integrals. Note that the dynamical quark mass generated by the instanton medium is parametrically of the order
i.e., it is parametrically small compared to the ultraviolet cutoff,ρ −1 . Because of this the parametric order of quark loop integrals is essentially determined by the degree of the would-be ultraviolet divergence which is regulated by the form factors.
Pion matrix element of the four-quark operator. The QCD four-quark operator, Eq. (2), is matched with the corresponding operator in the effective theory at the scale µ =ρ −1 = 600 MeV. The matrix element in the pion can then be computed using the Feynman rules of the effective low-energy theory, Eq.(7). In the large-N c limit the relevant diagrams are quark loops coupled to external pion fields; pion loops are suppressed. Because of the color structure of the operator the only possible diagrams for the pion matrix are the ones shown in Fig.1 . One can easily see that the diagram of Fig.1b cannot contribute to the matrix element of a spin-2 operator (traceless tensor); its contribution would be proportional to a loop integral of the form
, which is zero on grounds of rotational invariance. [Moreover, this diagram cannot contribute to an I = 2 matrix element.] The only diagram contributing to the I = 2 component of the matrix element of the twist-4 operator is the one of Fig.1a, which gives:
Here I αβ denotes the Minkowskian loop integral
where M k denotes the momentum-dependent mass of argument k. The trace over Dirac matrices is readily computed. We work in the chiral limit (zero pion mass), so that p 2 = 0. We evaluate the loop integral by expanding the integrand (including the momentumdependent masses) in the external momentum, p, to the lowest order which gives a non-zero result proportional to p α p β . We thus obtain
where J denotes the scalar integral (we immediately write it for Euclidean momenta)
Substituting Eq. (12) in Eq. (10), and comparing with Eq.(3), we can read off the result for the reduced matrix element:
The integral, Eq.(13), contains a would-be logarithmic divergence and is thus parametrically of the order M 2 log(Mρ). It should be compared to the logarithmically divergent integral defining the pion decay constant [7] :
The two integrals differ only in the terms involving derivatives of the momentum-dependent quark mass. It is therefore natural to express the result for the I = 2 matrix element, Eq.(14), in terms of the pion decay constant:
Neglecting terms with derivatives of the momentum-dependent mass, the ratio of integrals on the R.H.S. would be unity, and we would obtain
For a more quantitative estimate the terms involving derivatives of the form factors must be included. Since M ′ < 0 for Euclidean momenta, inclusion of these terms leads to J < J 1 , and thus to a reduction of the value of A I=2 . Numerical evaluation of the integrals for Mρ = 0.58, including the full momentum dependence of the dynamical quark mass, gives J/J 1 = 0.74, and thus
One sees that the momentum dependence of the dynamical mass is quantitatively important here. The instanton-based estimate, Eq.(19), is in excellent agreement with the lattice result of of Capitani et al. [6] , which in our conventions reads:
Here Z A = 0.867 is a finite renormalization constant [6] . Discussion. In the instanton vacuum the matrix element of the twist-4 four-quark operator, Eq. (3), is of the order
and thus parametrically suppressed in the packing fraction of the instanton medium. The characteristic non-perturbative scale for such matrix elements is the square of the pion decay constant, F 2 π , which is of the same parametric order. In fact, the small value of F π on the hadronic mass scale has been used as an argument supporting the instantonbased picture of the QCD vacuum [7] . As we now see, also the small numerical value of the quark-quark correlation matrix element, A I=2 , found in lattice calculations, appears natural in the light of the instanton approach.
The result of the present calculation confirms the conclusion reached in Ref. [11] , namely that in general (i.e., not restricting oneself to the I = 2 combination) the dominant 1 The matrix element of Capitani et al. [6] , which includes the quark charges in the operator, is related to our matrix element, Eq. power corrections to the unpolarized structure functions come from quark-gluon rather than quark-quark correlations. Using the results of Ref. [11] one readily verifies that the isoscalar pion matrix element of the twist-4 quark-gluon operator
(22) is of the order
i.e., it is not suppressed parametrically. It has a numerical value of the order of (600 MeV)
2
-two orders of magnitude larger than the matrix element of the four-quark operator, A I=2 . At a qualitative level, one may think of the quark-gluon operator at a low scale, Eq.(22), as measuring the structure of the "constituent quark" rather than correlation between them.
It was speculated in Ref. [6] that, when turning from the pion to the nucleon, the characteristic scale for the matrix elements of four-quark operators should no longer be F 2 π but the square of the nucleon mass, M 2 N . We would like to remark that our approach does not support this conjecture. The isoscalar nucleon matrix element of the twist-4 four-quark operator computed in Ref. [11] was found to be of order M 2 log(Mρ) ∼ F 2 π , just as the I = 2 pion matrix element considered here. The nucleon mass appears in the tensor decomposition of the matrix elements at a purely kinematical level; it is not a dynamical scale associated with the reduced matrix elements.
Finally, let us note that the present approach allows to compute also the x-dependence of the contribution of quark-quark correlations to the pion structure function. This contribution is expected to be enhanced relative to twist-2 at x → 1, see e.g. the recent discussion by Brodsky [12] .
